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ABSTRACT. - We discuss conformal deformation and warped products on some open 
manifolds. We discuss how these can be applied to construct complete Riemannian metrics 
with specific scalar curvature functions. 0 Elsevier, Paris 
1. Introduction 
In this paper we study scalar curvature functions on some open 
manifolds. A classification result of Kazdan and Warner (with an 
improvement by BBRARD-BERGERY) states that if N is a compact n-manifold 
without boundary, n > 3, then N belongs to one of the following three 
categories ([2] p. 125). 
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(A) Any smooth function on N is the scalar curvature of some 
Riemannian metric on N. 
(B) A smooth function on N is the scalar curvature of some Riemannian 
metric on N if and only if the function is either identically zero or strictly 
negative somewhere; moreover, any metric on N with vanishing scalar 
curvature is Ricci-hat. 
(C) A smooth function on N is the scalar curvature of some Riemannian 
metric on N if and only if the function is negative somewhere. 
Thus if the manifold N admits a Riemannian metric of positive scalar 
curvature, then it belongs to class (A). If N admits a Riemannian metric 
of zero scalar curvature and cannot admit a metric of positive scalar 
curvature, then it belongs to class (B). And any Riemannian metric on a 
manifold belonging to class (C) has scalar curvature negative somewhere. 
This completely answers the question of which smooth functions are 
scalar curvatures of Riemannian metrics on a compact manifold N. For 
noncompact manifolds, many important works have been done on the 
question of how to determine which smooth functions are scalar curvatures 
of complete Riemannian metrics on an open manifold. Results of GROMOV 
and LAWSON [5] show that some open manifolds cannot carry complete 
Riemannian metrics of positive scalar curvature, for examples, weakly 
enlargeable manifolds. Furthermore, they show that some open manifolds 
cannot even admit complete Riemannian metrics with scalar curvatures 
uniformly positive outside a compact set and with Ricci curvatures bounded 
([S], [6] p. 322). On the other hand, it is known that any open manifold of 
dimension bigger than 2 admits a complete Riemannian metric of constant 
negative scalar curvature [3]. It follows from the results of AVILES and 
MCOWEN [l] that any bounded negative function on an open manifold of 
dimension bigger than 2 is the scalar curvature of a complete Riemannian 
metric. 
By using conformal deformation, NI and other authors have studied 
which functions on R” are scalar curvatures of complete Riemannian 
metrics that are conformal to the Euclidean metric [8]. While in [IO], 
RATTO, RIGOLI and VBRON give a rather detailed study of a similar problem 
on a hyperbolic space using conformal deformation. In [7], we apply 
conformal deformation to study scalar curvatures on more general types of 
open manifolds. Due to large variety of structures on open manifolds, it is 
rather unclear how to consider the scalar curvature question on an arbitrary 
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open manifold. We will mainly restrict ourselves to open manifolds that 
have compactifications. 
Let % be a compact (n + 1)-manifold with boundary aIt!l and interior 
M. The boundary dM consists of finite number of connected components, 
and each component is a compact n-manifold without boundary. In this 
paper, we discuss the method of using warped products and conformal 
deformation to construct complete Riemannian metrics on M with specific 
scalar curvatures. By making use of the boundary, we can construct 
warped products at the ends of M. It is shown that if the boundary 
components belong to class (A) or (B), then M admits a complete 
Riemannian metric with positive scalar curvature outside a compact set. If a 
boundary component belongs to class (C), then we can construct a complete 
Riemannian metric with scalar curvature approaching zero near the end. We 
discuss restrictions of using warped products and conformal deformation 
to obtain complete Riemannian metrics of positive scalar curvature outside 
a compact set. If a connected component of 8M belongs to class (C), 
then we show that, under mild assumptions on warping functions, it is 
not possible to conformally deform warped product metrics to complete 
metrics on M with nonnegative scalar curvature outside a compact set 
(theorem 3.8). In section 4, we discuss the scalar curvature functions 
and conformal deformation of more general type of Riemannian metrics 
known as polar type Riemannian metrics. We discuss some restrictions of 
using polar type Riemannian metrics and conformal deformations to obtain 
nonnegative scalar curvature outside a compact set of M (theorem 4.18). 
2. Boundary components in class (A) or (B) 
Let (N, g) be a Riemannian manifold of dimension n and let f : 
(2, x) ---t R+ be a smooth function. The warped product of N and 
(2, oc) with warping function f is defined to be the Riemannian manifold 
((2,cc) x N,g’) with 
(2.1) g’ = dt” + f2(t)g. 
Let R(g) be the scalar curvature of (N, 9). Then the scalar curvature R 
of g’ is given by the equation 
(2.2) R(Q) = &$W - ‘W(t).?‘(t) - 472 - l)lf’@)l”~ 
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for t E (2, co) and R: E N In section 4 we discuss a more general formula 
for the scalar curvature of the Riemannian metric dt” + f2(x> t)g, where 
f is a positive smooth function of (2, m) and N. When f is a constant 
function, the metric 9’ in (2.1) is known as a conic metric. See [7] for a 
discussion of scalar curvature and conformal deformation of conic metrics. 
If we denote 
u(t) = f*(t) ) t > 2 ) 
then equation (2.2) can be changed into [4] 
(2.3) $JL” + Ru - R(g)ui:s: = 0. 
- 
Let Mn be a compact (n + 1)-manifold with boundary dM and interior 
M. In this paper we assume that the boundary is nonempty and consists of 
connected components Nl , N2, . . . , Nk. Each Ni is a compact n-manifold 
without boundary. A neighborhood of Ni in M is diffeomorphic to 
(2,oo) x Ni, i = 1,2, .., Ic. The existence of a complete Riemannian 
metric on M with constant negative scalar curvature has been proved in 
[3]. In the present case we have a simplier proof. 
PROPOSITION 2.4. - If n 1 3, then on M there is a complete metric of 
constant negative scalar curvature which is a product metric near injinity. 
Proof. - On the compact manifold Ni, there exists a metric gi of constant 
negative scalar curvature. Using the product metric on each (2, co) x Ni 
and extending to the whole M, we obtain a complete Riemannian metric 
.91 on M with scalar curvature R(g1) being a negative constant outside 
a compact set. Let u be a nonnegative smooth function on M such that 
u E 1 on dM x (2, b) for some b > 2, u z 0 on Uf=;=,(b + 1,oo) x N; 
and 1 v UI < C, for some positive constant C, independent on 6. For 
b large enough, we have 
s ’ &$+-$ v d2 +Rh)u”)&, < 0. 
Using a result of AVILES and MCOWEN [ 11, g can be conformally deformed 
into a complete Riemannian metric of constant negative scalar curvature. 
Furthermore, the conformal factor can be chosen to be equal to a positive 
constant outside a compact set. Q.E.D. 
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COROLLARY 2.5 [l]. - Any negative smooth function on M is the scalar 
curvature of a complete metric on M. 
Proof. - The function is a bounded negative function. Using the 
complete Riemannian metric constructed above, we can conformally 
deform it into a complete Riemannian metric with the prescribed scalar 
curvature. Q.E.D. 
Consider the case when scalar curvature functions can be positive. For 
1 5 i 5 k, if the manifold A$ admits a Riemannian metric of positive 
scalar curvature, then the product metric 
dt2 + gj 
has positive scalar curvature on (2 , cc) x Ni. If Ni admits a Riemannian 
metric of zero scalar curvature, then we let u(t) = t” in (2.3), where 
CL E (0,l) is a constant. We have 
(24 R(t) = t > 2. 
Therefore we obtain the following result. 
THEOREM 2.7. - For n 2 3, let M be the interior of a compact (n + l)- 
manifold with boundary. Suppose that the boundary components are in 
class (A) or (B), then on M there is a complete Riemannian metric of 
positive scalar curvature outside a compact set 
We note that the term a(1 - a) achieves its maximum when a = l/2. 
And when u = t f we have 
W) = &$> t>2. 
We show that this is almost the best possible. 
LEMMA 2.8. - If R(g) = 0, then there are no positive solutions to 
equation (2.3) with 
where c > 1 and t, > 2 are constants. 
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prooj: - Assume that 
with c > 1. Equations (2.3) gives 
t2d’(t) + $t) 5 0. 
Let 
u(t) = t%(t) , t > t, 
where Q: > 0 is a constant and v(t) > 0 is a smooth function. Then we have 
d’(t) = a!(u - 1)t”-G(t) + 2at”%‘(t) + tV’(t) 
We obtain 
(2.9) t”v(t)[a(a - 1) + ;] + 2CC+V(t) + t”+V’(t) < 0 
Let 6 be a positive constant such that 6” = (c - 1)/4. Then we have 
c - 1 
QI(cy - 1) + f = (a - ;)z + 4 2 6”. 
Here 6 is a constant independent on a. (2.9) gives 
(2.10) 2&u’(t) + t%“(t) 5 4”7,(t). 
Let @ = 2a and we choose ~1 > 0 such that [j < 1, that is, Q < l/2. 
Then (2.10) becomes 
(A!(t)) 5 -f$ . 
Upon integration we have 
(2.11) tdv’(t) - &(T) 5 - 
.I 
t &J(s) 
Fds, t > I- > t, . 
i 
If u’(r) 5 0 for some r > to, then (2.11) implies that 
t;V(t) 5 -c 
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for some positive constant C. We have 
as p < 1. Hence v(t) < 0 for some t, contradicting that u(t) > 0 for all 
t 1 t,. Thus we have w’(t) > 0 for all t > t,. (2.11) implies that 
T’%!(T) - s t S2w(s) T s”-“ds>O 
for all t > 7 > t,. As w’(t) > 0 for all t > t,, we have 
A’(T) 2 W(T) 
.I 
t 62 62 
-ds = TJ(T)&[-- 
1 -@I’ 
t 
T 3-d 7’ 
Letting t --+ 00 we have 
Or after changing the parameter we have 
->I ltY2 v’(t) w(t) - t 1 - p ’ t > t0. 
Choosing a < l/2 close to l/2 so that ,G’ < 1 is close to 1 and using the 
fact that S is independent on cr or /3, we have 
w’(t) N 
w(t) > t 
for a big integer N > 2. This gives 
w(t) > ct” ) t > t,, 
where C is a positive constant. (2.11) implies that 
&(t) 5 A’(T) - J 
t cs2s” 
pds + -cc s2-jj as t-03. 7 
Thus w’(t) < 0 for t large which is a contradiction. Q.E.D. 
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In particular, if R(g) = 0, then using warped product it is impossible 
to obtain a Riemannian metric of uniformly positive scalar curvature. The 
best we can do is when u(t) = ti, or f(t) = t*, where the scalar 
curvature is positive but goes to zero at infinity. It can also be shown that 
one cannot conformally deform the metric 
dt” + t*g 
into a complete metric of uniformly positive scalar curvature outside 
a compact set. For simplicity we assume that the boundary of % is - 
connected. The case where dM has more than one connected component 
is similar. 
- 
THEOREM 2.12. - For n > 3, let M be a compact (n + 1)-manifold with 
boundary N. Suppose that N admits a Riemannian metric g of zero scalar 
curvature. Let g’ be a complete Riemannian metric on M with 
g’(t,x) = dt2 + t&g(x) on (2, CO) x 8M. 
Then the Riemannian metric g’ cannot be conformally deformed in a 
complete Riemannian metric of uniformly positive scalar curvature outside 
a compact set. 
Proof - For the metric g’ = dt” + f 2 (t)g the Laplacian is given by 
(2.13) A 
d”u nf’@) au 1 
“‘U=dt”+ -- ~ 
f(t) at + f”(t) Ac77L’ 
where Ay is the Laplacian for the Riemannian metric g. Let g” = 
u4/(n-1)g’ be a conformal deformation of g’, where u is a positive smooth 
function. Assume that g” is complete and the scalar curvature of g”, 
R,tt 2 c2 outside a compact set, where c is positive constant. Using (2.2) 
and the conformal scalar curvature equation [7], we have 
a2u nf’(t) du 1 A 1 n-l 
dt2 + f(t) at + p(t) y” - f2(t>T 
x {2nf(t)f”(t) + n(n - l)lf’(t)(“}u 5 -c2 @f$uz 
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for all t 2 t’, where t’ > 2 is a constant. Fixing a value t 2 t’ and 
integrating the above inequality with respect to the fixed Riemannian 
manifold (N, g), we have 
where we have used Green’s identity. For t 2 t’, let 
U(t) = J 4~ W, ..v 
Using the Holder inequality we have 
Thus we have 
(2.15) 
d2U nf’(t) dU 1 n-l 
dt2 + -- - -- 
f(t) dt f2(t> 4n 
x {2nf(t)f”(t) + n(n - l)]f’(t)12}U I: -c2Us 
for t > t’, where c is a positive constant given by 
E2 = c2(n - 1) 
4n[Vol(N, g)] * ’ 
In this case f(t) = t’/(‘“+l) for t > 2, we have 
(2.16) u” + -$; - ,;,:, ; 5 -t2Us . 
Let U(t) = t”w(t) for t > t’, where Q is a constant to be determined later 
and v(t) is a positive smooth function. We have 
u”(t) = a!(Q - 1)P%(t) + 2&-V(t) + t%“(t). 
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Equation (2.16) gives 
(2.17) ~‘%[cx~ - -& - ,;:,,:,I + t”-‘ri’& + 24 
+ pv”(q 5 -E”tz3”vs . 
The quadratic term 
q(a) = cl2 - -&a - 
n-l 
4(n + 1) 
has zeros at 
For 
1 
a<+-- 
d 
n-l 
2 n+l (n-k1)’ + nS1)’ 
we have q(a) > 0. If we take a = -(n - 1)/2, then 
a-2- 
n+3 
-cu=o. 
n-l 
From (2.17) we have 
td( -.T.- 
n+l 
+ aa) + t2d’ 5 -&Jz-t. 
Or 
(2.18) 
Integrating both sides of (2.18) we obtain 
(2.19) t*+yJ’(t) 5 to*+2nv’(t,) - g 
J to 
for t > to > t’. If there exists a t, > t’ such that v’(to) < 0, then we have 
&if2yj’@) 5 -($ 
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for all t > to, where co is a positive constant. Thus 
w’(t) 5 -&“-1% 
for all t > t, . Therefore we have v(t) 5 0 for t large, which is a 
contradiction. Hence v’(t) > 0 for all t > t’. Then the inequality in 
(2.19) gives 
where t > r > t’. As w’(t) > 0, we have 
t 
As o = -(n - 1)/2 and n > 3, we have 
n+2a-2<-1. 
n+l 
Therefore after integration and letting t + co, we have 
for all r > 2, where cl and c2 are positive constants. We have made use 
of the fact that w’(t) > 0 for all t > 2 implies that v(t) is bounded from 
below by a positive constant. Thus 
for all t > 3, where C is a positive constant. Substituting into the right 
hand side of (2.20) we have 
for t > r > 3. As in above, after integration we obtain 
w’(r) > cg- 
UC4 > c w(r) 
- 
4 - 2 7 
BULLETIN DES SCIENCES MATHBMATIQUES 
380 M. C. LEUNG 
where 6 < 1 is a positive constant, cs and Cz are positive constant. 
Furthermore, we may assume that 
for all t large enough. Thus 
for all t large enough, where C3 is a positive constant. Substitute into 
the first inequality in (2.20) gives 
.t 
(2.21) $-l+20y’(~) > ca J ds T 
for all r large enough, with t > r, where Cd is a positive constant. But this 
is impossible as the right hand side of (2.21) tends to infinity as t -+ 0~. 
Q.E.D. 
3. Boundary components in class (C) 
In this section we assume that at least one of the boundary components of - 
M, namely Nr, belongs to class (C). Then any Riemannian metric g on Nl 
would have the scalar curvature negative somewhere. Take a Riemannian 
metric 91 on Nr with R(gr) = -n(n - 1). Then equations (2.3) becomes 
(3.1) 
4n 77 -3 
--------a” + n(n - l)~n+l + Ru = 0. 
n+l 
LEMMA 3.2. - Assume that R E Cx([2, co)) is a negative function such 
that R 1 -a2 for some positive constant a and 
C 
R(t)CF for t>to: 
where t, > 2, C and Q 5 2 are positive constants. If a = 2, we assume 
that C > n(n - 1). Then equation (3.1) has a positive solution on (2, BI). 
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Proof - If a < 2, then we let u+ = c+ + t’” and U- = c-, where 
c+, c- and m are positive numbers. If we take c+ and m large enough 
and take c- small, then we have 
4n ,r--3 
-26: 
n + 1 
+ n(n - l)~;+l + Ru+ 5 0, 
-u!! 4n 
n - 3 
+ n(n - 
n+l 
l)u”+’ + Ru- 2 0. 
By the upper and lower solution method, we obtain a positive solution 
(cf. [7]). In case cy = 2 and C > n(n- l), we may take U+ = C+t(“S1)l”, 
where C+ is a positive constant. Then 
4n “--3 
-uy + n(n - l)u;+’ + Ru+ 
n+l 
< C+n(n - l)te + n(n + l)C<+’ ty - C+[n(n - 1) + c]tF F 0, 
if we take C+ to be large enough where t > 2. Here E = C - n(n - 1) > 0 
is a positive constant. Take U- to be a small positive constant. In this 
case, we obtain a positive solution as in above. Q.E.D. 
In the above lemma, when a = 2 and C > n(n - l), we have the 
following. 
LEMMA 3.3. - Suppose that NI belongs to class (C). Let g be a 
Riemannian metric on Nl. On the end (2, W) x Nl, there does not exist 
a warped product metric 
g’ = dt” + f”(t)9 
with scalar curvature 
R> -nb-l> 
- t2 
for all x E Nl and t > t, > 2, where t, is a constant. 
Proof. - Assume that we can find a warped product metric on 
(2, LX) x Nl with 
R> -+-l) 
t2 
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for all x E Nl and t > t, > 2. We may assume that the scalar curvature 
of g is equal to -K’ at z(, E Nl, where n is a positive constant. With 
u(t) = j’?(t) and at x0, by (2.3) we have 
(3.4 
4n u” I? -- 
n + 1 7L 
f- < n(n - 1) L- 
u ‘I+ 1 t” 
for t > to > 2. In particular 
That is, 
JLJ < (n + l)(n - 1) 
u - 46 . 
pLU// < (n + l)(n - l+& 
- 4 
At the point ~0, consider the inequality 
U”(t) < g 
u(t) - t2 
for t > t, > 2, where C > 1 is a constant. Let E > 1 be a constant such 
that E(E - 1) = C. Then we have 
t%“(t) 5 &(& - l)t+L(t) . 
Upon integration from tl > t, to t > tr, and using integration by parts 
twice, we obtain 
J 
t 
t%‘(t) - &lu(t) - @‘(t1) + Et;-lU(tl) + &(& - 1) s+%(s)ds 
fl 
s 
t 
5 c F”u(s)ds. 
t1 
Therefore at xc we have 
(3.5) t%‘(t) - dE--lu(t) 5 t?u’(t1) - Et;-lU(tl) . 
If there is a number tl 1 to such that 2~‘(tr) 5 0, then we have 
t%‘(t) - Et+L(t) 5 0. 
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This gives 
(In u(t))’ 5 E(ln t)’ . 
Hence 
u(t) 5 ct’ 
for all t > tl, where c is a positive constant. If u’(t) > 0 for all t > to, 
then u(t) > c’ for some positive constant c’ and for all t > to. Let C 
be a positive constant such that 
tPu’(t1) - Et;%(tl) 5 c ) 
then (3.5) gives 
t%‘(t) - Et’-lU(t) 5 c 
for all t > tl. Thus 
u’(t) c -5;+- u(t) u(t)F <;+g. 
Integrating from tr to t we have 
In u(t) - < eln(i) + 
u(h) - 
& I cln(?), 
1 
as E > 1. Here C’ is a positive constant such that 1nC’ 2 C/(c’tl). 
Hence we again obtain the inequality 
u(t) 5 bt’ 
for some positive constant b and for all t > tl. Thus we find a constant 
c > 0 such that 
(3.6) u(t) 5 Cf 
for all t 2 tl. In case C = (n+l)(n-1)/4 we take E = (n+l)/2, we have 
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Then 
Is2 CI, 
I>7 - t2 ‘U”” 
for t > tr, where c{) is a positive constant. Hence (3.4) gives 
d’(t) < (n + l)(TL - 1) - b 
u(t) - 4t” 1 
where 6 > 0 is a constant. Similarly we have 
and ‘$2 2’ 
->- 
&(t) - t”+ 
for t large and for some positive constants 6’, t and c”. Thus (3.4) gives 
d’(t) 2 0 
for t large and hence u(t) 5 Ct for some contant C > 0. From (3.4) 
we have 
et) < _ ‘2 n(n, - 1) < -5 
u(t) - (&i + t2 - t 
for t large enough, as n 2 3. Here en is a positive constant. We have 
u’(t) - u’(t’) 5 --co 
I 
t 4)& - ) t>t1. 
.f’ s 
If I’ 5 0 for some t’, then u’(t) 5 -ct for some positive constant 
cl. Hence u(t) 5 0 for t large enough, contradicting the fact that u is 
positive. If u’(t) > 0 for all t large, then 
s + ,u(s) -ds 1 u(t’) I *+ ds --cc t’ s .f’ s 
as t + m. Thus u’ has to be negative for some t large. Q.E.D. 
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The result in lemma 3.3 is almost sharp as we can get as close to 
-n(n, - l)/t2 as possible. For example, Let R(g) = -n(n - 1) and let 
f(t) = t lnt for t > 2. We have 
(3.7) R = -$n(n - 1) (‘y$)’ +g+ 
n(n - 1) 
(lnt)2 I ’ 
We can show that it is not possible to conformally deform the metric 
dt2 + (t In t)2g 
into a complete metric of nonnegative scalar curvature outside a compact 
set. In fact we can show more. We first note that if 
f(t).?‘(t) 5 -CT2 
for some positive constant c and for t > t, > 2, then 
where t > t’ > t,. As f”(t) 5 0, we have f(t) 5 Ct for all t > to, where 
C is a positive constant. Therefore 
f’(t) 5 f(d) - (;)2 1’ ids --f --oo as t+ca. 
t’ s 
Thus f(t) 5 0 when t is large. As in theorem 2.12, we assume that the - - 
boundary of A4 is connected. The case where dM has more than one 
connected component is similar. 
THEOREM 3.8. - For n 2 3, let M be a compact (n + 1)-manifold with 
boundary N. Suppose that N belongs to class (C) and g is a Riemannian 
metric on N with scalar curvature R(g) 5 -6’ for some positive constant 
6. Let g’ be a complete Riemannian metric on M with 
g’(t, x) = dt2 + f(t)g(z) in (2, W) x N, 
Suppose that f(t)f”(t) 1 -c2 for all t large, where c2 = 2(Y;2-S)/(3n+l) 
and S is constant such that 0 < 6 < TV’. Assume that either(i) f(t) < Ct In t 
or (ii) f(t) > Ct” with Q > 1, for t large, where C is a positive constant, 
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then there does not exist a complete Riemannian metric conformal to !I’ 
with nonnegative scalar curvature outside a compact set. 
ProojI - Let 9” = u ‘/(“-‘)g’ be a Riemannian metric conformal to 9’, 
where u is a positive smooth function. Assume that g” is complete and 
the scalar curvature of -9” satisfies R,rr 1 0 outside a compact set. The 
conformal scalar curvature equation [7] gives 
d”u nf’(t) au 1 1 n-l -- - 
dt2 + f(t) at + f”(tp - f”0-K 
x{R(g) - 27~f(t)f”(t) - n(n - l)lf’(t)l”}~ 5 0 
for all t 2 t’. Fixing a value t > t’ and integrating the above inequality 
with respect to the fixed Riemannian manifold (N, g), we have 
+ f2(t) 4n 
LC{(E2 + anf(t)f”(t) + n(n - 1)jj’(t)l”} 
where we have used Green’s theorem and the fact that R, 5 -6’ for 
some positive constant K. For t 2 t’, let 
Then we have 
(3.9) 
u/f + nf’(t) u’+ 
f(t) 
1”.{12+2nf(t)f”(t)+1B(la-l)lf’(t)l2}r; 5 0. 
f2W 4n 
For t > t’ > 0, let U(t) = f” (t)v(t), where CI is a constant to be 
determined later. Then we have 
u’(t) = qy-l(t)f(t)v(t) + f”(t)v’(t) ) 
u”(t> = a(a - l)f*-2(t)(f’(t)12?J(t) + CYy-l(t)f”(t)w(t) 
+ say-l(t)f(t)v’(t) + f”(t)v”(t). 
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Substituting into (3.9) we have 
(3.10) f”-2(t)~f’(t))2v(t)[a(o! - 1) + na + (n 3 1)2] + f^(t)v”(t) 
+ (n + 2a).f”-1(t)f’(t)w’(t) 
+ f”-2(t)w(t)[K2 + (an + a)f(t)f’(t)] 5 0 
for all t > t' > 0. As 
ci(a - 1) + 72Q + 
and f(t)f”(t) 2 2(-K’ + S)/(3n + l), we have 
f*(t)w”(t) + (n + 2a)f”-1(t)f’(44t) 
I -[kc2 + (an + a) 
q-K2 + 6) a-2 
(3n + 1) If w(t) * 
Or 
(3.11) (f”+2”(t)w’(t))’ 5 -[fc2+(2n+a)2\~~~lp)]fn+2a-2(t)t(t). 
Choosing Q such that n + 2a = 1, that is, a = -(n - 1)/2, we have 
(f(t)w’(t))’ 5 -6%. 
Upon integration we have 
(3.12) 
where t > t, 2 t’. If v’(t) > 0 for all t > t’, then we have 
f(w(t) I f(aJ’(to) - SW(&) 1; $-p. 
As f(t) 5 Ct In t, for some positive constants C and for t > t,, we have 
J t 1 -ds>; J t 1 t, f(s) -ds = $(lnlnt - lnlnt,) --+ DC, t, sins 
BULLETIN DES SCIENCES MATHfiMATIQUES 
388 M. c. LEUNG 
as t + 00. That is, v’(t) < 0 when t is large. Thus we can find a t,, 
such that ~‘(t,,) 5 0. Hence 
at j(t),u’(t) < -P I 
44 ds - . 
. t,, s Ins 
that is v’(t) 5 0 for all t 2 t,. Here cl is a positive constant. We have 
(3.13) 
For any positive constant C > 0, we can find t” > t, such that for all 
t 2 t”, (3.13) gives 
(lnv(t))’ 5 -c”z . 
/ , 
Therefore 
where c” is a positive constant. Thus 
c’ 
v(t) I - (In t);j 
for some positive constants C’ and p and for t > t,. Thus 
(3.14) U(t) I 
C’ C” 
f+(t)(lnt)/j ’ (tlnt)Y(lnt)3 ’ 
where 6”’ is a positive constant. Since n > 3, we have 2/(n - 1) 5 1. 
By Hiilder’s inequality, we have 
where y > 1 is a positive constant. Thus 
(3.15) &dv,,dt < C’ 
.I 
ax dt 
~ 
f” t(lnt)J < cc. 
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Hence we can find z0 E N such that 
r u+,, t)dt < co. t” 
Therefore the curve y(t) = (t, zO) for t E (t” , oc) has finite length in the 
Riemannian metric g” = u4/(“-‘)g’ , that is, the metric g” is not complete. 
In case f(t) > Ct” for Q > 1, then (3.12) gives 
or 
C’ 
w’(t) 5 F for t > to. 
Thus u(t) 5 C” for all t > t, and hence 
As Q > 1, we can conclude as above that the metric g” is not complete. 
Q.E.D. 
We note that functions of the type f(t) = Ct” (In t)” satisfy the condition 
of theorem 3.8, where a,P, and C > 0 are constants, where if N = 1, 
then p 5 1. 
4. Scalar curvature of polar type Riemannian metrics 
Given a compact n-manifold N and a constant a > 0, consider the 
following metric on (a, ~0) x N: 
(4.1) 36 4 = dt2 + f2(4 4d-4 , 
where f is a positive smooth function on (a, m) x N and g is a fixed 
Riemannian metric on N. Let B(f2 (t, l )g) be the scalar curvature on N 
corresponding to the Riemannian metric f2(t, l )g, that is, the Riemannian 
metric conformal to g with conformal factor f2 (t, l ), where t is treated 
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as a constant. Let x be the scalar curvature of the Riemannian metric 
ij. We show that (cf. [3]) 
(4.2) @t, x) = R(f”(t, .).9)(t,2) - & ) x 
x [2n,f(t,x)$(t;x) +n(n - l)l$,x)l”]. 
In particular, if f depends on t only, then 
which gives equation (2.2). In general, if n > 3 and we let b(o) = 
f? (t, l ), then 
(4.3) R(f2(6 .)g) = &-~[cllR(g)p - A,p] > 
where c, = (n - 2>/[4(n - I>] [71. 
Let (51,x3, . . . . x,) be a set of local coordinates for N and let x0 = t. 
Since R~jkn = Rjook, we have 
Oli,j,k,lsn 
where Rij,+l is the Riemannian curvature tensor for the metric Tj and is 
given by 
Here 
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are the Christoffel symbols for 9. Using 
(4.5) rg, = -fggjk ) 1 2 i,j 5 n; 
r;, = 0 ( O<k<n; 
q), = 0 ) O<i<n; 
we obtain &OO = 0 and for 1 5 j, k 5 n, we have 
(4.6) c .- na2f 
l<j,k<n 
$ROjol = -?=. 
- 
For 1 5 i, j, k, 1 < n, we have 
The first two terms on the right hand side of the above equation has no 
derivatives with respect to t and by (4.5) it is equal to R(f2(t, l )g)ijkl , 
the Riemannian curvature tensor for the Riemannian metric f2(t, l )g, for 
1 5 i,j,tk,l 5 n. And 
8.f 2 (CV,Dk - rjl,rg,) = f21,,1 khzgjk - gikgjr) . 
Thus we have 
(4.7) C #‘$“Rijkl = C -$1SikR(f2(t,0)g)ijkl 
c + af 2 
l<i,j,k,l<n 
?‘bkf21~1 (gdgjk - gikgjl) 
= R(f 2 0, +I> - n(nf; l) ,@2. 
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Substituting (4.6) and (4.7) into (4.4) we obtain the desired formula. Using 
(4.41, the curve y(t) = (t,z) is a geodesic for t > 2, where n: E N. The 
metric ?j as defined in (4.1) is of polar type (cf. 131). 
THEOREM 4.8. - For r~ 2 3, let g be a Riemannian metric on N with 
nonpositive total scalar curvature. Then the scalar curvature 2 of the 
Riemannian metric 7j in (4.1) cannot be uniformly positive jbr t large 
enough. 
Pro@ - Assume that z 2 a? for all t > t’ and 2 E N, where Q and 
t’ > a are positive constants. From (4.3) we have 
lq,,f2(t, .).g) = fpqg) - c;$q . 
Substituting into equation (4.2) we have 
(4.9) f21Z(& x) = -c;+ + R(g) - 2nf(t, x)$(t, x) 
- n(n - l)lg(t,a)l" 
= -c -14 
a2(f2) 
II --n7 
I-L 
- n(n - 3)/$i2, 
where we have used the formula 
a2(f2) 8.f 2 
-n- + 2nlzl . 
at2 
Fix a t > t’ and integrate both sides of (4.9) with respect to (N, g), we have 
(4.10) 
J 
f2xdv, = -c,’ mdl:, + %dd~, - :v J .y /L2 J 2  
n J ef”) ------dug - n(n - 3) ;I- at2 
where we have used Green’s identity. Using the fact that n 1 3, ?? 1 o2 
for t > t’ and 
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we have 
d”F 
a”F 5 -n- 
dt2 ’ 
where 
Or 
F(t) = f”dv,. 
s :v 
(4.11) F”(t) 5 -@F(t) for t > t’, 
where b = ay/fi is a positive constant. If there is a number t, > t’ such 
that F’(t,) < 0, then integrating both sides of (4.11) gives 
(4.12) 
t 
F’(t) 5 F’(t,) - b2 
s 
F(s)ds for t > t,. 
to 
Thus F(t) 5 0 for some t large enough, contradicting that f is a positive 
function. Therefore F’(t) > 0 for all t > t’. Then (4.11) gives 
.I 
t 
F’(t) 5 F’(t,) - b2F(t,) ds-r-m as t-cc, 
t IO 
which contradicts F’(t) > 0 for all t > t’. Q.E.D. 
Conbining the proof of lemma 2.8 and the above theorem 4.8, it can be 
shown that the scalar curvature ?? of 9 cannot decay to zero too slowly. 
More precisely, R cannot be bigger than or equal to 
cn 
4t” 
for all t > t’ > a and z E N, where c > 1 and t’ are constants. For if 
then (4.10) gives 
t2F” + ;F 5 0 
for all t > t’. The proof of lemma 2.8 shows that F(t) = 0 for some t 
large. On the other hand it is known that F(t) > 0 for all t > a. 
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THEOREM 4.13. - For n 2 3, let g be a Riemannian metric on N 
with negative total scalar curvature. Then the scalar curvature ?? of the 
Riemannian metric ?j in (4.1) cannot be bigger than -c/t” for some constant 
c < 2n and for all t > t’ > n and u: E N. In particular, %! cannot be 
nonnegative for all t large. 
Proqf. - Assume that 
and 
R(t,z)>--g for t>t’ and ZEN, 
where c < 2n and b is a positive constant. Then (4.10) gives 
-SF(t) I: -b” - nF”(t) for t > t’, 
or 
(4.14) F”(t) 5 -6” + $F(t) for t > t’~ 
n 
where c’ = c/n < 2 is a constant. If c’ 5 0, then (4.14) shows that 
F(t) 5 0 for t large enough. So we may assume that c’ > 0. From 
(4.14) we have 
F”(t) c’ 
F(t) 5 -p for t > t’ . 
It follows from the proof of lemma 3.3 that 
(4.15) F(t) 5 Ct’ for t > t, > t’ : 
where C is a positive constant and E > 1 is a positive constant such that 
E(E - 1) = c’. In particular, c < 2. Then (4.14) and (4.15) imply that 
F”(t) 2 -b2/(2n) f or all t large enough. Thus F(t) < 0 when t is large 
enough. Q.E.D. 
The Laplacian for the metric ij(t, x) = dt” + f”(t, x)g(x) is given by 
(4.16) 
a2u ndfdu n-2 1 
A,u = dt2 +.7atz + f3 < vgfsw >s +$,u 
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for u E CW((u , co) x N) . Suppose that u(t, x) is a positive smooth 
function. The scalar curvature R, of the Riemannian metric 
kqt,x)g = u*(t,x)[dt” + f2(&x)g(x)] 
is given by the following: 
(4.17) A, u - c,,+~ R,u + cnfl R,us = 0, 
where en+1 = (n - 1)/(4n). 
- 
THEOREM 4.18. - For n 2 3, let M be a compact (n + 1)-manifold with 
boundary N. Suppose that N is connected and g is a Riemannian metric on 
N. Suppose that f is a positive smooth function on (2, m) x N such that 
(4.19) 
for all t > t’ > 2 and x E N. Let ?j be a complete Riemannian metric on 
M such that ?j(t,x) = dt2 + f2(t,x)g(x) on (2, W) x N. Assume that ?j 
has scalar curvature Rg < -b2 for all t > t’ and x E N. Here t’ > 2, 
Cl, C2 and b are positive constants. Then for any positive smooth function 
u on (2,co) x N with 
(4.20) l$l<Cu forall t>tl and HEN, 
where tl > 2 and C are positive constant, if ~2 ?j is a complete 
Riemannian metric, then the scalar curvature R, of the conformal metric 
U* ij cannot not be nonnegative for all t large and x E N. 
Proof. - Assume that the scalar curvature of the Riemannian metric 
~5 ?j is nonnegative for all t > t2 and x E N, where t2 > 2 is a 
constant. If t, = max{t’ , tl , t2 , } , then for t > to, the scalar curvature 
equation (4.17) together with (4.16) give 
d2u ndflh n-2 
(4.21) dt” + 7%~ + f3 
1 
< oqf rvyu >g +fzas~+‘:~u IO, 
where c2 = cIL+lb2 is a positive constant. Multipling (4.21) by fn we 
obtain 
(4.22) , 
f7’~+nfnp1~~+ < Vsfnp2 ,vyu >y +f7’-2Ayu+c2fnu 5 0. 
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Fix a t > t, and integrate (4.22) with respect to the Riemannian metric 
9 and apply Green’s identity, we have 
for all t > to, or 
(4.23) 
where 
We have 
F’(t) = f “udvI > 0 for t > t, . 
n f ll-ldfUdv + f&& at 9 s .xr a ’ 
d23 
x= .I A- 
n(n - l)f”-21i)f[2udvg + 
at s 
nf 
11-l d2fudv 
Y at2 g 
+ 
s 
nf 
Y .I ‘V 
f”$da,). 
Using (4.19), (4.20) and (4.23) we have 
(4.24) TF(“) + q%(t) - c”F(t) 
for t > t,. Thus we can find positive constants ? > t, and c’ such that 
(4.25) F”(t) _< -c’“F(t) for all t > t. 
As in the proof of theorem 4.8, (4.25) implies that F(t) 5 0 when t is 
large enough. Q.E.D. 
It follows as in theorem 4.8 that we can relax the condition on the 
scalar curvature of ?j to 
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for all t > t’ and z E N, where t’ > a, b and a < 1 are positive constants. 
Then (4.24) gives 
For t large enough, since Q < 1, we have 
F”(t) 5 -$(t) 5 -$(t) ) 
where C’ and c’ > 1 are positive constants. The proof of lemma 2.8 
implies that F(t) = 0 for some large t. 
APPENDIX 
- 
PROPOSITION A.l. - For n 1 2, let M be a compact (n + l)-manifold 
with boundary dM # 0 and interior M. Given any smooth function - 
R E Cm(M) , there is a Riemannian metric g (non-complete defined on - 
M such that R is the scalar curvature of g in M. 
Proof. - If % is a compact manifold with boundary, then the double - 
of M, defined by 
- - - 
2M = (M x (1) u M x {2})/8M, 
can be given a C” structure as a compact manifold without boundary, 
such that the inclusions 
ik:M+2M 
x + (x, k)l - 1 k=1,2, 
are diffeomorphisms onto their range [9]. By Seeley’s extension theo- - - 
rem [9], any smooth function R defined on M g ii(M) can be extended 
to a smooth function R’ on 2%. We can modify the function R’ on iz(M) 
so that it is negative somewhere there. Then the classification theorem of - 
Kazdan and Warner implies that there is a Riemannian metric g’ on 2M 
such that the scalar curvature of g’ is the extended function R’. We can 
take g to be the restriction of g’ on il (M). The Riemannian metric g is 
not complete as 8M is nonempty. Q.E.D. 
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